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I .  , : 
Measurement and I n t e r p r e t a t i o n  o f  t h e  I s o t o p i c  Composition 
of  Hydrogen and Helium Cosmic Ray Nucle i  Below 75 MeV/Nucleon 
J. P. Meyer, Donald E .  Hagge & Frank B. McDonald 
NASA/Goddard Space F l i g h t  Center  
Greenbel t  , Maryland 
ABS TRACT 
The d i f f e r e n t i a l  energy s p e c t r a  of t h e  hydrogen and hel ium i s o t o p e s  
o f  t h e  g a l a c t i c  cosmic r a d i a t i o n  have been measured i n  1965 and 1966 by 
t h e  h i g h l y  e c c e n t r i c  s a t e l l i t e s  OGO I and IMP 111. The energy ranges  
were r e s p e c t i v e l y  20 t o  50 and 30 t o  90 MeV/nucleon. 
The measured r a t i o  r d  = H 2 4  / H e  shows a ve ry  s t e e p  p o s i t i v e  s l o p e  
(2 E$?,) as a f u n c t i o n  o f  energy between 20 and 50 MeV/n. 
rd i s  roughly 0.25. 
A t  50 MeV/n, 
These r e s u l t s  a r e  i n  q u a l i t a t i v e  agreement w i t h  t h e  
measurements performed by t h e  U n i v e r s i t y  o f  Chicago group on IMP 111. 
The measured r a t i o  rHe = He3/He4 i s  roughly 0.05 a t  60  MeV/nucleon, and 
d e c r e a s e s  a t  lower e n e r g i e s .  
I n  o r d e r  t o  understand the energy dependence of  THe and e s p e c i a l l y  
of r d  ( rd  i s  n o t  a f f e c t e d  by the s o l a r  modula t ion) ,  we i n v e s t i g a t e d  t h e  
c r e a t i o n  o f  deuter ium and H e 3  through f r agmen ta t ion  of cosmic r a y  and 
i n t e r s t e l l a r  He4 n u c l e i ,  and pro ton-pro ton  r e a c t i o n s  (assuming no 
i n j e c t i o n  of t h e s e  i s o t o p e s  a t  t h e  sou rce ) .  
We have used a Monte Carlo technique  t o  propagate  t h e  cosmic r a y  
p r o t o n s  and He4 n u c l e i  from the sou rce  t o  t h e  e a r t h .  A c r i t i c a l  survey 
of t h e  a v a i l a b l e  c r o s s  s e c t i o n  d a t a  has  been made. The i o n i z a t i o n  lo s s ,  
t h e  energy  dependence of t h e  c r o s s  s e c t i o n s ,  t h e  r e a c t i o n  k inemat i c s  
have been taken i n t o  account .  The e l a s t i c  s c a t t e r i n g ,  a c c e l e r a t i o n  i n  
space and s o l a r  modulat ion have no t .  
We have s y s t e m a t i c a l l y  t r i e d  t o  f i t  t h e  d a t a  w i t h  d i f f e r e n t  source  
s p e c t r a  and propagat ion  models.  
o u t  a t o t a l  energy,  and favor  k i n e t i c  energy source  power spectrum. 
We d i s c u s s  the  bea r ing  of  d i f f e r e n t  non- loca l  p ropaga t ion  models (open 
model, c losed  model, i n j e c t i o n  a t  one t i m e ;  d i f f e r e n t  energy dependences 
of t h e  mean "vacuum path length")  on r d  and r H e .  
Our p r e s e n t  r e s u l t s  comple te ly  r u l e  
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We r e p o r t  measurements of t h e  hydrogen ( r d  = d/H 1 ) and he l ium 
(rHe = He3/He 4 ) i s o t o p i c  abundance r a t i o s  and t h e  r e s u l t s  of  a p ropaga t ion  
c a l c u l a t i o n  s tudy ing  t h e  b e a r i n g  of d i f f e r e n t  sou rce  and p ropaga t ion  
models on r d  and rHe. 
A. Measurements of r d  and rHe: 
The measurements of r d  and rHe have been performed on board h i g h l y  
e c c e n t r i c - o r b i t i n g  satel l i tes  IMP-111 and OGO-I r e s p e c t i v e l y ,  wh i l e  t h e  
s a t e l l i t e s  were o u t s i d e  t h e  e a r t h ' s  atmosphere and magnetosphere. 
h a s  been measured con t inuous ly  between June 1965 and September 1966 and 
r H e  d u r i n g  1%5 a t  s o l a r  minimum. 
r d  
The d e t e c t o r  used w a s  a dE/dx vs.  E s c i n t i l l a t o r  t e l e s c o p e ,  p r e v i o u s l y  
d e s c r i b e d  by Balasubrahmanyan e t  a l .  (1966). 
t o  50 MeV/nucleon f o r  deu te rons  and 30 t o  90 MeV/nucleon f o r  He3. 
d a t a  were analyzed by t h e  mass-histogram technique .  High n u c l e a r  i n t e r -  
a c t i o n  background and g a i n  changes complicated t h e  procedure  and f u r t h e r  
a n a l y s e s  may s l i g h t l y  change t h e  va lues  g iven  h e r e .  
The energy ranges  were 20 
The 
The r e s u l t i n g  r a t i o s  r d  and THe are shown i n  f i g u r e  1, t o g e t h e r  w i t h  
measurements by o t h e r s .  
e t  al .  (1966). 
Our rHe va lues  a r e  i d e n t i c a l  t o  those  o f  Hagge 
It i s  seen  t h a t  our measurement o f  r d  a g r e e s  roughly w i t h  t h e  r e s u l t s  
of  Fan e t  a l .  and a very  s t e e p  p o s i t i v e  s l o p e  f o r  r d  between 20 and 50 
MeV/n seems e s t a b l i s h e d .  
between 30 and 90 MeV/n bu t  t h e  va lues  a r e  s i g n i f i c a n t l y  h ighe r  t han  
t h o s e  found by Fan e t  a l .  
The rHe we f i n d  a l s o  has  a p o s i t i v e  s l o p e  
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B. The Propagat ion  C a l c u l a t i o n :  
1. Object ive:  Our o b j e c t i v e  w a s  t o  s tudy  t h e  i m p l i c a t i o n  of t h e  
measured He3/He4 and e s p e c i a l l y  d/He4 (which i s  - no t  a f f e c t e d  by s o l a r  
modula t ion)  r a t i o s  on d i f f e r e n t  sou rce  s p e c t r a  and non- loca l  p ropaga t ion  
mode Is. 
2 .  Assumptions and F e a t u r e s  of t h e  C a l c u l a t i o n :  
a. There i s  almost no d o r  He3 i n  s t e l l a r  m a t t e r .  We t h e r e f o r e  
assume t h a t  t h e  observed cosmic r a y  deu te rons  and He3 n u c l e i  are produced 
e x c l u s i v e l y  by n u c l e a r  r e a c t i o n s  between cosmic r a y  n u c l e i  and i n t e r -  
s t e l l a r  ma t t e r .  
b .  The source s p e c t r a  of p ro tons  and He4 n u c l e i  were assumed 
i d e n t i c a l  w i t h i n  a f a c t o r  6 of t h e  abundance r a t i o .  The d i f f e r e n t i a l  
s p e c t r a  which we have t r i e d  were shaped as power l a w s  w i t h  an exponent 
-2.5 i n  t o t a l  energy W ,  r i g i d i t y  R ,  o r  k i n e t i c  energy E .  
c .  The assumed i n t e r s t e l l a r  m a t t e r  composi t ion  w a s  90% H' and 
4 10% He ( i n  numbers). 
d. The energy l o s s  through i o n i z a t i o n  of bo th  sou rce  and 
secondary p a r t i c l e s  has  been t aken  i n t o  account .  
e l a s t i c  s c a t t e r i n g  has been neg lec t ed .  
The e f f e c t  o f  t h e  
e .  A p o s s i b l e  g r a d u a l  a c c e l e r a t i o n  i n  space h a s  not been taken  
i n t o  account.  
f .  Nuclear React ions ( c r o s s  s e c t i o n s  and k inemat i c s )  
Among t h e  r e a c t i o n s  l ead ing  t o  H2, H 3 and H e  3 , t hose  
invo lv ing  p r o t o n  and He4 as i n t e r a c t i n g  p a r t i c l e s  are dominant,  as 
shown by B i s w a s  e t  a l .  (1967).  Note t h a t  H 3 decays i n t o  H e 3  w i t h  a 
12-year pe r iod ;  product ion  of  H3 and He3 w i l l  t h e r e f o r e  be t r e a t e d  
t o g e t h e r .  Therefore  we have t o  cons ide r :  
(1) t h e  f ragmenta t ion  of  cosmic r a y  He4 n u c l e i  on 
i n t e r s t e l l a r  pro tons  ( o r  He4 n u c l e i ) ,  
t h e  f ragmenta t ion  o f  i n t e r s t e l l a r  He4 n u c l e i  by 
cosmic r a y  p ro tons ,  and 
(2) 
( 3 )  t h e  i n t e r a c t i o n  between cosmic r ay  p ro tons  and 
i n t e r s t e l l a r  pro tons .  
Th i s  i nvo lves  t h e  s tudy  o f  proton-He4 and p ro ton -p ro ton  
i n t e r a c t i o n s .  We have made a c r i t i c a l  survey o f  t h e  a v a i l a b l e  d a t a  
on t h e  c r o s s - s e c t i o n s  and k inemat ics  of t h e s e  r e a c t i o n s .  Some 
c o r r e c t i o n s  and r enorma l i za t ions  have been app l i ed  t o  t h e  e x i s t i n g  d a t a .  
There i s  no space  he re  f o r  t h i s  s t u d y ,  which w i l l  be pub l i shed  e l sewhere .  
The r e s u l t i n g  c r o s s - s e c t i o n  p i c t u r e  i s  summarized i n  f i g u r e  2.  
The d e s t r u c t i o n  of  the  c r e a t e d  deu te rons  and He3 n u c l e i  by 
a second n u c l e a r  i n t e r a c t i o n  has n o t  been cons idered  i n  t h e  p r e s e n t  
s t a g e  of t h e  c a l c u l a t i o n .  
g. S o l a r  Modulation: The s o l a r  modulat ion has  - n o t  been 
inc luded  i n  t h e  c a l c u l a t i o n .  N o t e  t h a t ,  s i n c e  d and He4 n u c l e i  have t h e  
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same charge-to-mass r a t i o ,  t h e  r a t i o  of  t h e i r  abundances w i l l  no t  be 
a f f e c t e d  by s o l a r  modulat ion.  The He3/& 4 r a t i o  can be on ly  decreased  
by s o l a r  modulation. 
h.  Path- length:  L e t  us f i r s t  d e f i n e  t h e  n o t i o n  o f  "vacuum 
path-  length"  in t roduced  by Cowsik e t  a l .  (1967). 
p a t h -  length"  t h e  d i s t a n c e  which a p a r t i c l e  would have gone through 
between t h e  source  and t h e  s o l a r  system ( i n c l u d i n g  s c a t t e r i n g ) ,  i f  no 
mat ter  had been p r e s e n t  t o  e v e n t u a l l y  remove t h e  p a r t i c l e  from t h e  
We w i l l  c a l l  "vacuum 
cosmic r a d i a t i o n  through b rak ing  o r  n u c l e a r  i n t e r a c t i o n .  The cho ice  
o f  a vacuum pa th - l eng th  d i s t r i b u t i o n  d e f i n e s  a p ropaga t ion  model. 
C l e a r l y ,  t h e  " a c t u a l  p a t h - l e n g t h  d i s t r i b u t i o n "  i . e .  t h e  
d i s t r i b u t i o n  of  t h e  pa th - l eng ths  passed through by t h e  p a r t i c l e s  which 
do a c t u a l l y  r each  t h e  s o l a r  system, w i l l  be d i f f e r e n t  from t h e  vacuum 
pa th - l eng th  d i s t r i b u t i o n ;  i t  w i l l  be s y s t e m a t i c a l l y  s h i f t e d  towards 
s h o r t e r  pa th - l eng ths  , f o r  t h e  longer  t h e  vacuum p a t h - l e n g t h ,  t h e  h i g h e r  
t h e  p r o b a b i l i t y  of  a p a r t i c l e  be ing  removed by b rak ing  o r  n u c l e a r  
i n t e r a c t i o n .  Th i s  d i s t o r t i o n  of t h e  vacuum p a t h - l e n g t h  d i s t r i b u t i o n  w i l l  
be  h i g h l y  charge and energy dependent a t  lower e n e r g i e s .  
We have e s s e n t i a l l y  cons ide red  3 t ypes  of  models: 
(1) Steady s t a t e  c losed  models: 
I n  t h e s e  models t h e r e  e x i s t s  some l o c a l i z a t i o n  of t h e  
source  and the  vacuum t r a j e c t o r i e s  of t h e  p a r t i c l e s  have not been 
completely randomized by s c a t t e r i n g .  Then t h e  p a r t i c l e  t h a t  r eaches  
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t h e  s o l a r  system has  kep t  some memory of t h e  p o s i t i o n  of t h e  sou rce ,  
and an "average source  d i s t a n c e "  can meaningfu l ly  be d e f i n e d ,  as s e e n  
from t h e  e a r t h .  One f u r t h e r  cond i t ion  t o  be r e a l i z e d  f o r  t h i s  model t o  
work i s  a n e g l i g i b l e  leakage>\ from t h e  system between t h e  sou rce  and 
t h e  e a r t h .  
I f  t h e s e  cond i t ions  a r e  r e a l i z e d ,  a d i f f u s i o n  p i c t u r e  
a r i s e s  and t h e  vacuum p a t h  length d i s t r i b u t i o n  w i l l  be something like 
a broad Gaussian. The k ind  of model has  been worked ou t  by Balasubrahmanyan 
Bo ld t ,  and Pa lmei ra  (1965) i n  the c a s e  of  a p o i n t  s o u r c e ,  u s i n g  t h e  
e q u a t i o n s  of  t h e  Brownian 
w i t h  a s t anda rd  d e v i a t i o n  
motion. They f i n d  a Gauss ian- l ike  d i s t r i b u t i o n  
e q u a l  t o J 2  - = 0.63 t imes t h e  peak va lue .  
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(2) S teady  s t a t e  open models: 
I n  t h e s e  models, e i t h e r  t h e r e  e x i s t s  no l o c a l i z a t i o n  
of t h e  sou rce  ( e a r t h  seen i n  a q u a s i - i n f i n i t e  homogenous source medium, 
as f o r  example supernovae s c a t t e r e d  a l l  over  t h e  g a l a x y ) ,  t h e r e  
e x i s t s  a l o c a l i z a t i o n  bu t  e i t h e r  t h e  leakage i s  dominant between t h e  
(source and t h e  s o l a r  system, o r  the vacuum t r a j e c t o r i e s  o f  t h e  p a r t i c l e s  
have been completely randomized by t h e  s c a t t e r i n g .  Anyway, t h e  p a r t i c l e  
* 
which i t  has  a n e g l i g i b l e  p r o b a b i l i t y  t o  r each  t h e  e a r t h  a t  any t i m e  
( f o r  example o u t s i d e  t h e  galaxy) .  
cont inuous  p roduc t ion  of  cosmic r ays  t h e  i n t r o d u c t i o n  of such a s i n k  
i s  necessa ry .  
p a r t i c l e s  p rov ides  a supplementary s i n k  which, no doubt ,  w i l l  be domi- 
nan t  a t  low e n e r g i e s ;  but t o  assume t h a t  i o n i z a t i o n  b rak ing  i s  t h e  on ly  
s i n k  would lead a t  r e l a t i v i s t i c  e n e r g i e s  t o  huge path-  l e n g t h s ,  propor- 
t i o n a l  t o  t h e  energy. This i s  i n  d i r e c t  c o n t r a d i c t i o n  w i t h  t h e  mean 
pa th -  l e n g t h s  observed. 
A p a r t i c l e  i s  cons idered  "leaking" when i t  g e t s  i n t o  a zone from 
I n  a s t eady  s t a t e  p i c t u r e  w i t h  
L e t  us n o t e  t h a t  the i n t r o d u c t i o n  of t h e  b rak ing  o f  
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that  r eaches  t h e  s o l a r  system has  no memory of any source  p o s i t i o n ,  
and no "average source  d i s t a n c e "  can  meaningfu l ly  be d e f i n e d ,  as s e e n  
from t h e  e a r t h .  
Then, t h e  leakage from t h e  system w i l l  be  t h e  dominant 
f a c t o r  shaping t h e  d i s t r i b u t i o n  of  t h e  vacuum pa th - l eng ths .  
c a n  be imagined assuming d i f f e r e n t  p h y s i c a l  c o n d i t i o n s  f o r  t h e  leakage  
from t h e  galaxy. 
of  leakage i s  e q u a l  on any p a t h  l e n g t h  element  AS ( p h y s i c a l l y ,  t h e  
p a r t i c l e  o f t e n  reaches  t h e  border  of  t h e  system, b u t  has  a low proba- 
b i l i t y  o f  escape a t  each t i m e ) ;  t h i s  model l e a d s  t o  an  e x p o n e n t i a l  
d i s t r i b u t i o n  of t h e  vacuum pa th - l eng th .  Such a model has  been proposed 
by Cowsik e t  a l .  (1967). 
Many models 
One p o s s i b l e  s imple  askumption i s  t h a t  t h e  p r o b a b i l i t y  
(3) "Cosmic Ray Big  Bang" Model: 
I f  t h e  cosmic r a y  f l u x  observed today i s  t h e  r e s u l t  o f  
one a n c i e n t  event  a t  some t i m e  t l  ago, and t h e  escape  i s  n e g l i g i b l e ,  
t h e n  t h e  p a r t i c l e s  w i l l  have gone through vacuum pa th -  l eng ths  
0 
T h i s  k i n d  o f  model h a s  been d e s c r i b e d  by Durgaprasad (1967) and i s  
sugges ted  from r e c e n t  da t a  by Webber (1967) w i t h  Sv = 3 g/cm2 f o r  
r e l a t i v i s t i c  p a r t i c  les. 
Whichever o f  t h e  s t e a d y  s t a t e  models i s  cons ide red  ano the r  
parameter  remains t o  be f i x e d :  t h e  energy dependence c r  t h e  mean v a l u e  
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S 
About i t s  energy dependence, we know almost  no th ing .  Any model would 
assume p r e c i s e  p h y s i c a l  cond i t ions  f o r  s c a t t e r i n g  and leakage .  It  i s  
p l a u s i b l e  t h a t  t h e  mean vacuum pa th - l eng th  i s  a d e c r e a s i n g  f u n c t i o n  of  
t h e  r i g i d i t y ,  s i n c e  low r i g i d i t y  p a r t i c l e s  are more e a s i l y  t rapped .  
We have made ou r  c a l c u l a t i o n s  wi th  two extreme models: 
o f  t h e  vacuum pa th - l eng th  d i s t r i b u t i o n ,  whichever shape i t  has .  v 
V (a) 
A v e r y  sha rp  r i g i d i t y  R dependence of  2 
1 - 
C Y -  
sV R 
as i n  Cowsik e t  a l .  (1967);  and 
(b) sv independent  of t h e  r i g i d i t y .  
i. The method used f o r  t h e  c a l c u l a t i o n  w a s  a Monte C a r l o  
technique .  
3 .  Resu l t s :  
a. Remarks: 
T y p i c a l l y  30% of the deu te rons  observed below 200 MeV/n 
are due t o  t h e  i n t e r a c t i o n  o f  cosmic r a y  p r o t o n s  w i t h  i n t e r s t e l l a r  He4 
and H ' .  Most of  t h o s e  above 80 MeV/nuc are due t o  t h e  r e a c t i o n :  
p + p += n+ + d. 
p r o t o n s  i s  unimportant  f o r  t h e  format ion  o f  H e  . 
The break  up of i n t e r s t e l l a r  He4 n u c l e i  by cosmic r a y  
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On t h e  o t h e r  hand,  i t  must be k e p t  i n  mind t h a t  low energy 
secondar i e s  observed a t  t h e  e a r t h  have g e n e r a l l y  been c r e a t e d  a t  medium 
e n e r g i e s  and slowed down l a t e r  on. 
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b. Source Spec t r a :  
We have l i m i t e d  our s tudy  t o  s p e c t r a  w i t h  a unique power 
lac wi th  an exponent -2 .5  i n  t o t a l  energy W ,  r i g i d i t y  R and k i n e t i c  
energy E ,  over t h e  whole energy range.  
For  any p ropaga t ion  model, t h e  s t e e p e r  t h e  nega t ive  s lope  
o f  t h e  source spectrum, t h e  s t e e p e r  t h e  p o s i t i v e  s l o p e  of Td a t  low 
energy.  Indeed, low energy source  p a r t i c l e s ,  having  a s m a l l  range ,  have 
a low p r o b a b i l i t y  of  i n t e r a c t i o n ,  Therefore , .  t h e  a d d i t i o n  of  a l a r g e  
number of  low energy p r i m a r i e s  w i l l  s c a r c e l y  a f f e c t  t h e  number of 
s econdar i e s  and s t r o n g l y  dec rease  t h e  r a t i o  of  s econdar i e s  t o  p r imar i e s .  
The c r i t e r i u m  of  f i t t i n g  t h e  ve ry  s t e e p  exper imenta l  s lope  
o f  r d  between 20 and 50 MeV/nuc. a l lows a r e j e c t i o n  o f  a t o t a l  energy 
source  spectrum (exponent -2.5), which, f o r  a l l  t h e  p ropaga t ion  models 
cons ide red ,  g ives  f o r  r a spectrum roughly f l a t  down t o  a few MeV.  
An extremely s t e e p  source  spectrum, a t  l e a s t  as s t e e p  as apower l a w  
i n  k i n e t i c  energy seems favored .  Th i s  a p p l i e s  f o r  low e n e r g i e s ,  
t y p i c a l l y  up t o  a few hundred MeV. 
d 
The re fo re ,  a l l  t h e  f u r t h e r  s t u d i e s  have been made w i t h  a 
source  power l a w  i n  k i n e t i c  energy.  I n  f i g u r e  1, we have p l o t t e d  t h e  
c a l c u l a t e d  s p e c t r a  f o r  one t y p i c a l  propagat ion  model. 
c . Propagat ion  mode 1s : 
I n  f i g u r e  3 ,  we have p l o t t e d  f o r  d i f f e r e n t  p ropaga t ion  
models t h e  c a l c u l a t e d  s p e c t r a  of Td and rHe f o r  a k i n e t i c  energy so1 
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r c  
power spectrum. 
have been chosen i n  o r d e r  t o  g e t  f o r  r d  t h e  measured o r d e r  of magnitude 
a t  50 MeV/nuc. 
The mean v a l u e  of t h e  d i f f e r e n t  p a t h - l e n g t h  d i s t r i b u t i o n s  
Models w i t h  t h e  s t r o n g  r i g i d i t y  dependence of t h e  average 
- 1  
V R  
vacuum p a t h - l e n g t h  S ty - lead t o  l e s s  s t e e p  s l o p e s  of  r d  a t  low 
e n e r g i e s .  Indeed,  t h e s e  models allow fewer p r i m a r i e s  w i t h  medium 
energy a t  t h e  source t o  r each  t h e  e a r t h  as low energy p r i m a r i e s .  For t h e  
p r e s e n t  s t a g e ,  we cannot  draw any conc lus ion  concern ing  an open o r  
c l o s e d  model. High energy d a t a  a re  badly  needed. 
The model w i th  a unique i n j e c t i o n  a t  once ( 3  g/cm2 f o r  
r e l a t i v i s t i c  p a r t i c l e s )  does n o t  seem a p p r o p r i a t e .  
4 .  Conclusions: 
To be s t r e s s e d  i s  t h e  need of an ex t remely  s t e e p  source  spectrum 
a t  lower e n e r g i e s ,  p robably  s t e e p e r  t han  a k i n e t i c  energy power l a w  
w i t h  an exponent -2.5, i n  o r d e r  t o  f i t  t h e  modula t ion  independent 
deu te ron  d a t a .  A unique shape of t h e  energy spectrum over  the  whole 
energy  range may w e l l  be an o v e r - s i m p l i f i c a t i o n .  
High energy  d a t a  are badly needed f o r  more p r e c i s e  s tudy of t h e  
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Figure  1: 
F igure  2: 
Figure  3: 
Figure  Capt ions  
Measured and c a l c u l a t e d  r d  and rHe w i t h  a t y p i c a l  
p ropaga t ion  model f o r  a t o t a l  energy W ,  a r i g i d i t y  R ,  
and a k i n e t i c  energy E sou rce  power spec t rum 
(exponent - 2 . 5 ) .  
Cross s e c t i o n s  f o r  H , H and He producing  
r e a c t i o n s  invo lv ing  p and He4  as i n t e r a c t i n g  
p a r t  i c  les  . 
2 3  3 
Measured and c a l c u l a t e d  rd and rHe w i t h  a k i n e t i c  
energy source  power spectrum (exponent - 2 . 5 )  f o r  
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